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Fixed-Point-Free Abelian
Endomorphisms



FPF(G)

Definition
A fixed-point-free abelian endomorphism is a homomorphism ¢ : G — G
such that

e Y(g) =g ifand only if g = 1¢ and
e (gh) = (hg) for all g,h € G.

We denote the collection of fixed-point-free abelian endomorphisms on a
group G as FPF(G).

Example
Let GG = (g: g% =1g). Then v(g) = 1¢, Y1(g) = g2 are
fixed-point-free abelian endomorphisms.



FPF(G)

Remark

If G is a nonabelian simple group, then FPF(G) consists only of the
trivial 1.

Since kery) <1 G, kerip = {1} or kerip = G. The former causes a
contradiction where 1)(gh) # 1 (hg) for some pair g, h, thus keri) = G.

Remark
1) is constant on conjugacy classes, since

P(g) = v(ghh™) = 1(ghg ™).

Remark
Let v € FPF(G), ¢ € Aut(G). Since ¢p1p¢~t € FPF(G), FPF(G) is
stable under conjugation by Aut(G).



Regular, G-stable Subgroups

For g € G, let gz = A(g)p(¥(g)). Denote the collection of all such 7,'s
as N¥. We then have that NV is a regular, G-stable subgroup of
Perm(G).

Proposition (Childs)

If 11,1 € FPF(G) differ by an element of Z(G), then N¥1 = N¥2.

Example
Let v9 € FPF(G) denote the trivial fixed-point-free abelian

endomorphism, i.e. ¥o(g) = 1. Then N¥0 = X\(G).
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Braces

Definition
A left skew brace is a set B, along with two binary operations - and o,

such that

e (B,-) and (B,o0) are groups, and
e Forall a,b,c€ B, a-(boc)=(aob)-al-(aoc) where a™?

denotes the inverse of a in (B, ).

Denote the inverse of a in (B, o) as a.

Example
Let (B,-) be a group, and define ao b= a-b. Then (B,-,0) is a brace.

Example
Let B=1{0,1,2,3,4,5}, and define a- b= a+ b mod 6 and

aob=a+ (—1)°bmod 6. Then (B,-,0) is a brace with (B,-) = G and
(870) = 53.



Regular Subgroups to Braces

Let N be a regular, G-stable subgroup of Perm(G) and let a: N — G be
given by a(n) = n[lg].
Define nom = a~*(a(n) x¢ a(r)).

Proposition (Smoktunowicz-Vendramin)
(N,-,0) is a brace.

Denote this as B(N).



nom=a(a(n)-a(m))

Plugging N¥ into this formula yields

Tlg © Th = Ngy(g—1)hp(g)"

Verify that this satisfies the brace condition. Note that 1 ~! = 1;-1.

Mg © (1h7K) = Mg © Nhk
= Mg (g=1)hky(g)
= Ngw(g=1)hp(g)ggv(g 1)k (g)
= Mgy (g—1)hy(g) g~ gy (g~ )ki(g)
= (g © 1n)11g ™ (11 © 1)



Brace Classes

Definition
If B(N) = B(M), we say N and M are in the same brace class and call

them brace equivalent.

Proposition (Koch-Truman)
B(N¥1) =2 B(NY2) if and only if 1 = gihap~L.



The Yang-Baxter Equation




The Yang-Baxter Equation

Braces were constructed specifically with the objective of describing the
set-theoretic solutions to the Yang-Baxter equation, functions
R: B x B— B x B, such that

R12Ro3R12 = Ro3 R Ros

where Ri»(a, b,c) = (R(a, b), ¢) and Rxs(a, b, c) = (a, R(b, c)).
Given B = (B, -, 0) we construct a solution R: B x B — B x B.

Proposition (Guarnieri-Vendramin)
The following is a solution to the YBE:

R(a,b) = (a*(ao b),a=(ao b)oaob).



R(a,b) = (a%(aob),a(acb)oaob)

Example

The trivial brace gives us the solution R(a, b) = (b, b~1ab).

Verify this:

Ri2Ro3Ri2(a, b, ¢) = RioRos(b, b~ tab, c)
= Ria(b,c,c b abc)

=(c,c tbc,c b tabc)

RosRi2Ro3(a, b, ¢) = Ry3Ria(a, ¢, cthc)
= Rys(c,cac™, c71he)

= (c,c tbe,c b abc).
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R:NYx NY = NY x N

We know the complete brace structure for B(N¥), so we can construct
the Yang-Baxter solution R : N¥ x N¥ — N¥ x NY.

My (g=1)hy(g)> To(hg—1)h~19(gh1) © Tgy(g—1)hi(g))

(
= (nw(g*)hw(g)’ Thp(g=1)hy(g) © ngw(g“)hw(g))
(
(M (g=1)hu(g)s Tp(hg—1)h—19(g)e v (g—1) b (gh~1))-
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Constructions




Symmetric Group

Consider S,,, n # 4,6.

The only normal subgroups in S, are {¢}, A,, and S,. We know
kerv) # {1}, so for ¢ to be a nontrivial fixed-point-free abelian
endomorphism, keriy = A,.

Fix 7 € A, |7] = 2.
Then ¢, € FPF(S,), ¥, defined by

¢T(W)—{Lif7T€An

Tifw ¢ A,

We can check this: clearly {¢,7} is an abelian group, and ¢, (7) = ¢,
thus 1, has no fixed points.
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Symmetric Group

Let 91,2 € FPF(S,), ¥1(Ss) = (11) and ¢2(S,) = (72) where

T = ! for some w € S,,.

Define ¢ € Aut(S,) to be conjugation by m. Then 1, = ¢~ 1, thus
B(NYV1) =2 B(NY2).
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R:S5,x5,—S,%xS,

Fix 7 € Ap,
Yang-Baxter equation arising from N¥~ is

7| = 2. The solution set-theoretic solution to the

Nrxrs 7])(*17'777')() if , x ¢ An
777)(7-7777-)(—17'#7')(7') if 7 ¢ An, X € An
77X7777X’17rXT) if m e Ap, X ¢ An

(

I«
R(nx,my) = (
(nxvnx*ﬂ'x) if T, X € An
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R:S,,XS,,—>5n><Sn

We verify that this solution works in the case where 7, x,0 ¢ A,:

Lrary, o)

Ri2Ra3R12(, X, 0) = RiaRas(TXT, X~
= Rypa(rxT, 70T, O'_ITX_lT’]TTXTO')

= (0,70 trxror, 0 trx trrTxTO)

RosRi2Ros(m, x,0) = RsRuao(m, 707,06 ' 7x70)
= Ru(o, 70 troT, 0 rxT0)

= (0,70 Yrxror, 0 trx trrrxTOo)
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Alternating Group

Let Ay = (o, v) with 0 = (123), v = (124).We have four nontrivial
fixed-point-free abelian endomorphisms on Ajy:
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Alternating Group

The subgroups arising from the four nontrivial 9's listed above are brace
equivalent.

Let ¢2(0) = , ¥a(v) = o?; Yp(0) = B,9p(v) = B>. We have
B = yay~! for some v € S,.

Consider ¢ : Ay — Ay, ¢(m) = ymy~! for all 7 € A;. Then
Padp™t = 1y, so B(NVY) = B(NY2).
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R:A4XA4—>A4XA4

Let Ay = {0, v), ¥ € FPF(Ag), ¥(0) = o, ¥(v) = a?.
Denote the conjugacy class of o by [o], etc.

The values of R(n,,7,) are given in the following table:

X € [o] X € [v] X € [ov]
e [U] (nazxav nxzaﬂ'azx) (nazxou naxza‘frozzxaz) (nazxou nazxomazxa)
(IS [U] (Uaxa% 77a2x2a27rozxoc) (naxa2a nxzazwax) (naxa27 naxoﬂﬂaxaz)
S [JU] (77x7 77a><27rxa2) (77x7 77a2x27rxa) (nxa nxwx)

Note R(7,,my) = (1y,m.) and R(nx,n.) = (0., =)
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Metacyclic Group

Let Mpg = (s, t: sP = s9 =1, ts = s?t) where d has order q in Z} and
p =1mod q.

The fixed-point free abelian endomorphisms on M, are of the form
1/)1'7;( : Mpq = Mpq, wj,k(s) = 1,’!?/7](1‘) = s/tk, with k #1,and k=0
only if j = 0.
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Yi(s) = 1,hi;(t) = t*

We can show that B(N¥V1k) = B(NYVix).

Let ¢jk € FPF( ) Y, k( ) =1, wj7k(t) S

Case 1: j #0.

Let ¢ € Aut(Mpq), ¢(s) = ¢, é(t) =
Then 1,k = 1) k.

Case 2: j=0.

Pick m such that
l+d+d?+---+dm=

and define ¢ € Aut(G) by ¢(s) = s, ¢(t) =
Then ¢k = Yo,k®.

—1 mod p,
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Dihedral Group

Let D, = (r,s:r"=s? = rsrs = 1).
Childs 2013 gives us FPF(D,).
If nis odd, there are no nontrivial ¢'s on D,,.

For n even, omitting the maps that differ by an element of the center, we

have
L y(r)=19(s)=1
2. Y(r) =ris,p(s) =1, i even
3. Y(r) =r's,y(s) =r's, i odd
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Dihedral Group

All braces given by nontrivial ¢'s are isomorphic.

L. (r) =ris,(s) =1, i even

2. (r) = ris,i(s) = r's, i odd.
Let 11 € FPF(Dap), ¥1(r) = r?s,4p1(s) = 1.
Pick ¢ € Aut(Dam), ¢(r) =r,¢(s) = r'—2s.
Then ¢ = 1o for all other ¢'s.
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R(ngsmh) = (My(g—1)mp(e)> Mo (ha—1)h—19(g)g(g—1) b (gh—1))

W(r) = ris,b(s) =1, i even: kerip = (r?s)
P ris,y(s) = r's, i odd: keri) = (r?, rs)

(nr"shr"svnhflr"sgr"sh) if 8, h ¢ kel’l/J
R(n 77h) o (nr"shr"svnr"sh—lr"sgr"shr"s) if g ¢ kert, h € kery
8 - .
(nhanr"shflghr"s) Ifg € ker’l/)' h ¢ ke”/)
(

Nhy Nh-1gn) if g, h € keryp
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